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1. Introduction 
In a recent paper [2] Shenton and Kemp transformed the power series expansion 
~~og,(~+~~~2=s2-x3+~_~+~_~+~_ . . . 
into a corresponding continued fraction of the form 
and gave the values of the first twenty-four coefficients as rational numbers. These initial values 
suggested that 
a4k-2 + a4k-3 = 1, a4k + a4k-I = 0 (3) 
for k = 1, 2, 3, 4,. . . , with a, being taken as zero. They then used the continued fraction as a 
starting point for expressing logz(l + x) as a Stieltjes fraction, from which they derived 
inequalities for the function, though the proof of their results did not specifically rely on 
relations (3) being true for all values of k. The present authors have been unable to find this 
* This article was written whilst the second author was at Colorado State University supported by a grant from Royal 
Society, London. 
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interesting expansion in the literature on continued fractions, and it is the purpose of this short 
note to prove that the coefficients in (2) do satisfy (3) for all values of k. The square of the log of 
(1 + X) is an example of a set of functions which have two particular properties. 
The proof of (3) given below owes much to the work of Rogers described in [l], which includes 
a discussion of the function 
2x3 + J 
x t2 
-e-r/x dt. 
Q et-1 (4) 
2. The general case 
Theorem 1. Let +(z) represent the power series 
G(z) = z2{1 + qz + c2z2 + c3z3 + * * * }. (5) 
If the series converges for certain values of z, then G(z) is the sum of the series for these values, but 
the series may be an asymptotic expansion, or purely formal. Let the regular C-fraction correspond- 
ing to the series (5) be 
assuming that the fraction exists. Finally, suppose that $(z) satisfies 
Then the coefficients in the continued fraction (6) satisfy the relations (3). 
Proof. Write 
Z2 
= 1 + b,z + b2z2 + b3z3 + b4z4 + . . . 3 @I 
say. 
Then (7) implies 
1 - b,z + b2z2 - b3z3 + - -. = (1 - z)’ + b,z(l - z) + b2z2 + b3z3 + 0( z4), 
and so b, = 1 and b, = 0. 
But because of the correspondence properties, 
1+$+$+$ = 1 + b,z + b2z2 + b3z3 + 0( z4), 
or 
1 + ( a2 + a3 + a4)z + a2a4z2 
1 + (a3 + a4)z 
= 1 + b,z + b2z2 + b3z3 + 0(z4). 
Thus 
a,=b,=l and a,+a,=b,=O 
which establishes (3) for k = 1. Also a3 = - b,. 
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We can thus write 
+(z> = 
Z2 
1 + z - u3z2 + Z2@,( z) 
and applying (7) yields 
a-4 =h(&). 
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(9) 
We obtain an expression for &(z) in terms of the coefficients of the continued fraction (6) by 
considering the even contraction of (6), namely 
+)=* -a -& -a - .** 
=&‘-$ -& -& -... 
since a2 = 1 and a3 + a4 = 0. Some manipulation then yields 
G(z) = lilylz2-yliliillllii’ -6’ - *** 
and comparison with (9) gives 
A similar argument to the one already demonstrated yields, as a result of (lo), 
&,=~,+a,=1 and ~3=u,u,(u,+u,)=0 =$ u,+u,=O. 
Now set 
2 
@lb) = 
- u3u4u.jz 
1+ z + &,z’ + z’+,(z) 
and repeat the process. We successively construct 
2 
+,(z) = - 
u4k-2”4k-lu4ku4k+lZ 
1 + z - b4k”4k+l + a4k+2”4k+3)Z2 + z2+k+l(z) 
for which 
+k(-‘)=+k(&) * +k+l(-Z) = +k+l( &)* 
This in turn means that 
a4k + a4k-1 = O, u4k-2 + a4k-3 = 1 
as required. 
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The pattern of coefficients means that the even contraction of the continued fraction (6) can 
be written as 
The even contraction of this continued fraction is then 
““‘=& -& -6 - *.** 
Each successive convergent of this continued fraction corresponds to four additional terms of the 
power series (5). The relationship between successive members of the sequence { C#Q( z)} is clearly 
demonstrated. q 
3. Examples 
Let G(Z) be defined by 
“W={ (1 + z)” - 1 (y ) 2’~1-“)Z_2a/(l_a) 9 (11) 
where (Y is real and different from unity. Then C#B( z) satisfies (7) and, with the correct choice of 
branch, 
~(z)=z2{l-z+~z2+~z3+ . ..I. 
The continued fraction that corresponds to the power series is 
with a2 = 1, 
ah= -a3= 12 , 
a6 = 1 - a5 = 
a2 + 5a + 16 
lO(a+l) ’ 
a _ _a _ 19a3 + 114~~~ + 279a + 184 
8- 7- 252(a2 + ~CX + 16) ’ 
and so on, the coefficients of course satisfying (3). 
When (Y = i, we obtain the continued fraction 
and in this case it is easily established that 
3 
a4k+2 = ’ - a4k+l = 
(2k + 3)( k + 2) 
a4k = -a4k-1 = 8(2/k + 1) ’ 6(k+ 1) 
for k = 1, 2, 3, . . . . 
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If we let (Y tend to zero in (11) we obtain, since 
lim (l+z)“-l =lOg (l+Z) 
a e > W-+0 
the function {log,(l + z)}‘. The continued fraction begins 
and subsequent coefficients up to a2* are 
23 a,= -a7=m, a Io=l-a,=~, 
a 12 = -a11 
14237 
=448404, a,,=l-a,,==, 
a 16=-a 204831433 15 = 8380316304 > a 18 = 1 - a17 = %%~%%, 
a 2o=-a 28197315165931073 19 = 1416255373744118460 Y 
a 22=1-a21= 28612794145959499074696 7261119904651018009321  
a 24=-a 35504168154456633210097796097 23 = 211130071187473735099997451864 7 
a 26=l-a25= 195931245879320935219892370958083337 43400535072186129078864791967778225 3 
a 28=-a 
11614021444132407948801479875677756614633 
27 = 797303925037609164460759761476742851078004~ 
This function has a Stieltjes integral representation, see, for example, [2], and so the continued 
fraction expansion exists. 
Generalising, if we define 
#(z) = {log,(l + &))‘, a, b real, 
then for any real 8 and y, 
l+ [y+6(a+2b)]z 
-sz ). 
The coefficients in the continued fraction expansion 
then satisfy 
a4k_2 + a&_3 = a2 = a + 2b, k=2, 3,4 ,..., 
and 
a4k+a4k_1=0, k=l,2,3, . . . . 
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